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Introduction. 

In the „Geometrie der Dynamen",* Study has introduced 
the system of complex quantities which he calls dual quan- 
tities and which are represented by 

J = ji; -i- |e, 
where f? = 0, and x and § are ordinary complex quantities and 
are called scalars. He then shows that the ratio of three such 
quantities 

can be used as the coordinates (homogeneous in this dual 
number system) of the elements of a four fold manifoldness 
which contains all the elements of the four-fold manifoldness 
resulting from considering the ordinary three-dimensional space 
with the straight line as element as given in the Pliicker Line- 
geometry. In fact the two domains coincide except for a cei-tam 
restricted portion of the new manifoldness which has no corres- 
ponding elements in the Plticker manifoldness. In this way a 
system of coordinates is obtained for the elements of this higher 
manifoldness, which is very closely analogous to that used hi 
the analytic geometry of the pleme. They ai'e called Ray-coor- 
dinates and the coiTesponding geometry is called Ray-geometry. 
In the geometry of the plane, we have the two following 
methods of determining the various curved loci analyticaUy; 
1) that in which the coordinates of its elements satisfy an 
equation; and 2} that in which the coordinates of the elements 
are given as functions of a single parameter. From the above- 
mentioned analogy, we are then led to ask concerning the 
nature of the configiu-ations represented in the corresponding 
way in the new geometry. These are found to be Congruences 
of Rays to which we give the name Dual Congruences.. 



'i'GeometPie der Dynamen. Teubner, 1903, pp. 195—202. Hereafter v 
shall refer to this work simply as „Dynameii". 
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On account of the simplicity of the equations and the 
corresponding simpHficatiun in the study of their properties, 
these congruences seem likely to play a significant part in the 
advancement of our knowledge of that georaetiy in which the 
straight line is taken as the element. 

If we keep in mind the role that the Conic Section has 
played in Plane Geometry even when considered from the 
algebraic side alone, it seems very desirable that the con-es- 
ponding development should be carried out for the Dual Con- 
gruences. This point is somewhat more strongly emphasized 
when we find that there exist dual linear transformations (dual 
collineations) leading to dual relations which are closely ana- 
logous to the projective relations in the plane, and in which 
the dual congruence of the second order plays much the same 
role as the conic section in the plane. They are called dual 
projective relations, and the corresponding geometry is called 
dual projective geometry. We are thus led very nattu-ally to 
the problem of the following investigation: namely, the classi- 
Acation and the dett'rmination of -properties of configurations given 
by dual representations in which the variables enter to the second 
degree. 

After a preliminary discussion of dual quantities, coordinates 
and representations in Section I, we find in Sections II and III, 
a discussion of the general collineations, the special collineations 
due to motions, the reduction of the equations to canonical 
forms and their classification. In Section IV, after the intro- 
duction of a new kind of coordinates, the new equations for 
the previously given forms are found and also the equation 
corresponding to the general case of parametric representation ; 
the idea of pencils of parallel rays is introduced. In Section V, 
is the discussion of the representations and configurations of 
the remaining cases of parametric representation, making use 
of coordinates of both kinds. In Section VI, alter a discussion 
of quadratic equations in a single variable, there is given a 
development of the general properties of dual conical congru- 
ences as related to normal nets, reciprocal congruences, and 
theorems on the general distribution of 'the rays in these con- 
gruences. In Section VH, is found a geometrical description of 
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the various classes of conical congruences as given in Sections 
n and in. 



I. Preliminary Discussion. 

§ 1. Dual Quantities and Dual Coordinates. 

We will now tuiTi to the consideration of these dual quan- 
tities/' Let 

J = X -\- ^E , where s^ = 0. 

Further, these quantities are otherwise to satisfy the laws of 
combination of the ordinary number-system. 

If we have an integral function / of any mamber of dual 
quantities and perform the indicated operations, we can separate 
the resultuig expression into two parts, one of which does not 
contain s, and another which does contain it. The former is . 
called the scalar part of the function and is represented by 5f ; 
the latter is called the vector part of the function and is re- 
presented by Ff. Then il' | = 0, we must have both i'f = 
and F f = 0. 

If we consider that the ratio of the three dual quantities 
Xi : Xs'.Xs is unchanged when each of them is multiphed by 
the same dual quantity 

r = r -\- Qs , where r ^ 0, 
wc find tliat then there are exactly four independent scalar 
quantities, which we know is the number necessary for the 
complete determination of a straight Hue in the ordinary space 
of three dimensions, f This system has the particularly desi- 
rable property that there are no superfluous coordinates, i. e. 
that there are no additional fundamental relations to be satisfied. 
Now let us write 

Xi = Xai+ ^fiS, [i = 1,2,3), 

where ij, k represent a cyclic arrangement of the numbers 
1,2,3 in this same orderf: also 

■■■ Dynamea pp. 195 — 199. 
t Dynamea p. 200. 
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(S/D) = So, ©01 ^ S«2 Do. ^- .^., Do. , 

and 

{$g)=SoiD..^So.D«+^.Sl^+X^3S«lH-S«i)o.-S-l,Do3. * 

II wc multiply ^^ (j = 1, 2, 3) by the dual factor 

and rewrite, we find the following values lor, ^^i , '£ik 

■£'oi,==im)^^ ^•jk=(^m^ji. — '!2&^Z,i, (/- 1, 2, 3). 
Further, these new values satisfy the fundamental relation for 
the Plilcker Line-coordinates; namely. 



Prom this we see that the Ray-geometry includes the Piiicker 
Line-geometry, and coincides with it in all cases where 

i^m + 0. 

We have the following two methods of selecting the rays 
of a congruence; namely, l), that in which the quantities 
?£oi, -Effc, satisfy certain equations; 2), that in which these quan- 
tities are given as functions of two scalar parameters. In each 
of these two classes, we can immediately distinguish two sub- 
classes as follows : in 1), according as the equations are or are 
not eqtiivalent to those two which are obtained from a single 
equation in the three homogeneous dual coordinates Xi; and 
in a similar way in 2), according as the dual coordinates X, can or 
can not each be represented as a function of a single dual para- 
meter containing dual coefficients, as Xj =fi (j), (i= 1, 2, 3). 

In the special types which we consider in this investiga- 
tion, the functions involved are rational integral functions. 
These all belong to that type of functions of dual variables 
which corresponds to "analytic" functions in the ordinary 
complex variables. They are called "syiiectic" functions.^ In 

'^ Dynamen, p. 129, (13); p. 138, (39). 

t For the clefinitcm of a synectic function of a dual variable see the 
Dynamen p. 199. Corresponding to the general definition, the above state- 
ment becomes: Synectic representations are obtained when tlie functions 
involved ai'e sjiiectic. 
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these forms of representation, we say that the first method, 
in both cases 1) and 2), gives "synectic" representations, while 
the second method does not, although it may give analytic 
representations. 

We reserve the name "synectic" Congruence however for 
such in which the dual coordinates of the rays are given as 
synectic functions of a single dual variable. 

In all the following investigation, we shall use the German 
letters, in general, to represent dual quantities, as 

a = a -\- as , 
always with the esception of the dual coordinates themselves, 
which are represented as 

and in which $„;, Xj* have a significance analogous to the cor- 
respondii^ combinations in Plucker coordinates. Further, ij, k 
when used together shall have the same signification as given 
heretofore, namely, they form a cyclic arrangement of the num- 
bers 1, 2, 3 in this same order. 

We shall also always consider that we have a tri-rectan- 
gular reference system in three dimensions for the homogeneous 
point-coordinates Xa'-xi-.x^: xs, where xa = Q represents the 
plane at infinity, and where the Pliicker coordinates of the line 
passing through the two points x and y are expressed as 
Qloi^x^yi — Xiy^, Q^jk = 'X'syk — x^yj, (i = 1, 2, 3). 



§ 2. Quadratic Synectic Representations, 

We will now return to the two classes of synectic repre- 
sentation mentioned above, Hmiting ourselves however to those 
of the second degree. 

We have 

— 2a=,i^8XiH-2ai2XiX2 = 
as the general form of the equation to be satisfied by the 
coordinates of the rays m case l). 
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We will call the discriminant of this equation, that function 
of its dual coefficients aii, which is formed in the same way 
as the discriminant in the general ternary quadratic form in 
scalar quantities, and will represent it by 

d ^= (an 022 flas)- 
Further we define the "general" case as that for "wliicli 

SA = 0. 
For the synectic pai-ametric representation, the dual coo]'- 
dJnates arc given by 

2) Xi = 9Kinti^+29Jfii2tita4-9JIi2=ta^ {i = ], 2, 3), 

in which we will suppose that there is no dual factor common 
to all the coefficients 9K. Writing 1 for the determinant Of the 
the coefficients 

1= (9]l„ifriE2i2 9Jl3.2), 

we will define the "general" case under this class as that for 
which 

SI =1= 0. 

By methods of elimination analogous to those used ia the 
corresponding discussion hi the theory of the Conic Section, 
we can always find an equation of the second degi-ee in Xi, 
X2, Xs which will be satisfied by the ray - coordinates as 
given by 2). 

Since this system of dual quantities is such that the com- 
bination of the scalar parts of the elements of any algebraic 
combination involving only addition, subtraction and multipli- 
cation gives the scalar part of the resulting expression, we 
can further conclude from the theory of Conic Sections, that 
the resulting equation of the second degi'ee is such that 
SA =1= if 5/ =i= 0; and also, that if SI = 0, then all the 
first minors of SA are zero and hence that zl = 0. Prom this 
it is readily seen that the congruences excluded by the con- 
dition ^<d ^ in 1) do not all belong to the set excluded by 
the condition SI ^= in 2) ; namely, those satisfyhig the con- 
ditions 5zl == 0, zl 4= 0, and /S = 0, but ail first minors of 
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Sd not zero. On the other hand, those congmenees whose 
equations fulfil the condition SI = o are included among 
those for which SA = o. 



II. Transformation of the Equations by 
dual (radial) Collineations. Canonical Forms. 

§ 3. Collineations, Canonical Forms under dual Collineations 
Starting from the general equation of the second degree, 

we will separate into the scalar and vector parts. The former 

we will represent by S and the latter by 2 s. 
Then we write 

1) © = 5 + ^e 

where 

Purtlier defining S, and Q as follows 
we have 

6) S= 2(5i^2„ + 6-aI„,+-Ss.?,e + fi). 

Taking the idea of equivalence as used m the theory of 
transformations to mean that two equations ^also the config- 
urations defined by them) are equivalent under any group of 
transformations, if one can be obtained froni the other by means 
of transformations of the group, we will turn to the determin- 
ation of the different equations under the dual and radial 
collineations. These collineations are defined as follows. 
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b^oT the dual coUineations, we have 
6) Xi = mn^i' + ntis^^' + niisA",', {i =- 1, 2, 3); * 

for the radial coUineations, 

J-m ^ mi, ^'oi + }ni2dc,'iii + M'is 3£'o8 

where I (mnini^m^^) =^ o, (i = l, 2, 3). ** 

We see that the dual coUineation is that special case of 
the radial coUineation for which / = l. 

Transformations with general coefficients. 

Using the results of the theory of transformation of quad- 
ratic temarj' forms as obtained in the theory of the Conic 
Section, we see immediately that a dual coUineation 

8) Xi = m« X,' H- mia ;^2' + jMij ^3' , [i =- 1, 2, 3) 

{mn JM^a wiBa) 4= **, where niiji are all scalar, 
can be found such that the new S after di'opping the primes, 
will reduce to one of the three foUowing forms: 

I a) ^i^ + ^2S_|_^^^3, if 5zJ =1= 0; 

,,. ) b) ^o^^ + ^o^^ if SA = 0, but not ah its first, 

■ ' ] minors zero ; 

1 c) Xo!^. if 5/1 = and all its first minors zero. 

For the corresponding cases, we have the following ex- 
pressions for the new 2 respectively : 

10) 6) 2 [ C£oi ^aa + ^03 ^3,) + Si] , 

I c) 2[;eoj^23 + i3]. 

The equations can be stiU further simpUfied by applying 
a dual Translation f, which is written in general fonn as, 

'■■ DvnaiuPii p J2-i 
■-"^ D\ndmin p 257 
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where jii^ are all scalar quantities. 5 is unchanged by such 
a transformation and the changes in S will now be discussed 
for each of the three cases a), b), c) separately. 

a. 

Applying this transformation II), the expression Ida) be- 
comes 

12a) 2 (^0.^3 + ^ Ha, +^03 ^12) + («ii + 2/in)So,2 + 

(dau + 2 /iga) 3Eoa® + («8» + 2 /iaa) ^03^ H" 2 (cag + ^a + A*32) ^foa sEos 
+ 2 (Osi + 1W31 + i«i3) Sos Soi -h 2 {a,a -h /*ia + /t2i)3&n 3£oa. 

The coefficients of aJl the terms ^^i 'X.oj {i, j = l, 2, 3) 
can be made zero and stUl leave three of the quantities /^^ 
arbitrary. Hence; 

When SA 4= 0, the equation of the second degree in dual 
coordinates can be transformed by dual coUineations into one 
whose form is 
13a) X,a + Za^ + Zs2 = 

b. 

By the same transfonnation l]), the expression lOi) be- 
comes 

12b) 2 {3eol3e23+^2X3l) + (ail+2Mn)Xoi^+(«23 + 2/^3)^03^ 

-f-Osa^oa^ --I- 2 (a^s + /taa) 3Eo2 Xos + 2 {(Jai + /(.jg) I„i^i 

-\- 2 (Cis -+-IH1 + /ifii) Xoi Sm- 

In this case, all the coefficients of £„,■ Xoj can be made 
zero, except that of ^oa^, and stUl leave four coefficients ftn, 
arbitraiy. 

Here we have two cases according as a^s is zero or not, 
and our equation becomes 

a) X.^+Zs^ + f 033X^2 - 0, or 
/?) Z,2 + X.J ^ 0. 



lib) 
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! can still further simplify by 



in the first of these, 
applying the transformation, 

Zi = Xi', X2 ~= Z'a, 

We then obtain the following result: 
When 54 = but all its first minors not zero, the 
equation of the congruence can be reduced by dual collineatlons 
tn the form 

tt) Zi8+X,2^ eXs^ = 0, if A -^ 0, or 
^) Xi2 + Xa^ =0, if /I = 0. 



13 b) 



The expi'cssion 10 c) by the same transformation becomes 

12 c) 

-I- 2 Usa 3£o2 K08 + 2 (Osi + (lis) Xos Soi + 2 (ttu + /*,a) Xoi JEm . 

Here the coefficients of £02^. ^oa^, ^2 ^3 can not be 
changed, but tlie coefficients of 3£oi^. ^os ^01. 3toi dcoa can be 
made zero and leave sis of the coefficients /a,^ arbitrary. The 
equation then takes one of three forms according to the dif- 
ferent relations between aae, aas, ass, as follows: 

|a)Xi2+e((?3X2H-^3X»)()'2X2+j'8X8)-0,ifa2a3-aaaa3a4=0. 
14 c) i3) X,2 + e (,?2 X, + ^3 Xsf = 0, if aSs-asta^i = 0, 

yy) Xi3=o, if a22 = a23 = (133=0. 

In «), by tlie transformation given by the equations 
Xi-X,', ^i,Xa+/?3Xa = Xi' + iX3', n^2+]'3X3 = X,'— -/Xa', 

and, in (3), by the transformation given by 

Xx = X.', /Ss Xa + i?3 X3 - X,' , 
the equations are further simplified, and we obtain the fol- 
lowing residt: 

il SA = Q and all its first minors are zero, the equation 
of the congruence can be reduced by dual collineations to one 
of the three forms : 

a) X,2+e (Xa^ + Xs^) = 0, 

12 c) ■ (I) X,3+£X33 = 0, 

y) X,2 =- 0. 
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§ 4, Canonical Forms under radial Collineations. 

From the equations 7) defining the radial collineations, 
we see that we obtain exactly the same transformation if we 
first apply the dual colhneation obtained by making / = i, and 
then the transformation 

15) Ipi - =£'=;, Xjt = /X% {i = 1' 2, 3), 
which, in the Pliicker coordinates results from the application 
of a perspective similarity point-transformation with the origin 
as center. The result of applying a radial coUineation to an 
equation synectic in Xi differs from that for the corresponding 
dual coliineation only in that the coefficients of Sj-k in S are 
multiplied by l. The same cong-ruence would be given by the 
synectic equation, 

16) 5+2 (^1 XsB - 1- S, ^, H- «« Xi2 + y i3) e = , 

where the equation with / = i is the result of the application 
of the corresponding dual collmeation; i. e, the result of ap- 
plying 15) is essentially a division of the coefficients a in Q 
by I. This result is true for any integral synectic equation 
since }.' contains the quantities 3E_,t to the first power only, on 
account of the fundamental property of the dual quantities, 
namely e^ = 0. Analytically, the equation 16) could be obtained 
by dividing the 'expressions given for I.ji, in 7) by I. In this 
case, the geometrical significance as given in 15) would be 
hidden, and some of the geometrical properties of the configu- 
ration might be overlooked. 

The application of such a radial transformation does not 
affect the process of the elimination of terms by the applica- 
tion of 11), nor does it chaise the possibilities as given in I4h) 
and 14c). Therefore the same resulting forms are obtainable 
by applying radial collineations. 

Rearranging and summarizing our results, we can say : 
In radial- (dual-) pr<yective geometry, there are not more 
than six essentially different configurations represented by pro- 
perly synectic equations of the second degree. These can always 
be reduced to the following canonical forms. 
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/. /I + 0. 

Xf + X,' H- J,' = , SJ + 0; 

J,' 4- X,' + e I,' — , 5/1 = 0. 

// zl =. 0. 

Ji^-^/a^ = 0; not all first minors of 6' /I zero. 
AH first minors of S/l zero, but not all the 
elements of SA zero, 
a) J,« + 8(X,'+W) ~ 0, 



y) 



-sX," = , 
1,' = , 



The exclnded case, namely that in which all the elements 
of S z) are zero, does not give us a congruence but a quadratic 
complex whose general equation is 
2 fi - 0. 



§ 5, Canonical Forms under radial CoUineations with real 
Coefficients. 

Limiting om-selves ttt synectic equations and radial collin- 
eations which have real coefficients only, we see from the 
preceding discussions of the cases a), b), c) § 3, that, 

In real radial- (dual-) projective geometry, the essentially 
different proper synectic equations of the second degree with 
real coefficients can be reduced to the following canonical forms : 
/. zl 4. 0, 

A) X,^±X,''f X,i = 0, SJ + 0; 

B) Xt^+X,'±sX,' = 0, AzI ™ 0. 
// zl — 

A) Ji^+ Ja^ = 0, not all first minora of .Szl zero. 

B) All first minors of 5z( zero, but not all the 
elements of Sd zero, 
o) X,' ± e (X,' ± /,') = , 
/3) X,'±eX,' = 0, 
7) X,' = n . 



18) 
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Ill the above canonical Jomis, the different double signs 
are independent of one another. 



III. Transformations of Equations due to Motions. 
Canonical Forms. 

§ e. Collineations for Motions and corresponding 
general Canonical Form. 

We will now consider the ti'ansformations of the ray coor- 
dinates due to translations and rotations of the tri-rectangular 
reference system and also certain standard forms to which the 
synectdc equations can be reduced by them when the coeffic- 
ients are real. We limit ourselves to this class of cases be- 
cause of their especial interest. 

The transformation of rectangular point-coorditiates which 
results from a rotation of the axes about the origin, can be 
written 

4i-i^i'+43^2'H-''as-^B':4i-^i'+42^s'+^s3^3't 
where /y- : /oo (ij~ 1) 2, 3) are the direction-cosines for tte one 
system relative to the other, and where primed letters represent 
the new coordinates. The corresponding transformation in ray- 
coordinates is 
1) X,:J'2;Xs=/nA'/-L7:2X2'+/ijX3': 

The transfonnation in point coordiuates for the translation 
of the origin to the point a„ : at : as : a^ is 

and the corresponding transformation in ray-coorduiates is 

ao Xs' H- B (<2a X'oi—^! ^E'os) : ""o X»' + 8 («i ^'o3 — «a X'oi). 
•■) cL Clebsch-Lindcmann : VorlesuDgcn iiber Geometrie. IJ. pp, 78-79, 
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From the results of the transformation of ternary ciuadratic 
forms as used in the analytical geometry of three dimensions 
for the purpose of transforming the equation of a quadric surface 
to its principal axes as reference system, we can conclude that, 
an equation of the form, S = o can always be reduced to the form 

3) ^n^i2 + i5,,$02^+^5.=eo»* =- 

by a real transformation 1) if the coefficients aik of S are real. * 
Our synectic quadratic equation then becomes 

for which the coefficient of the vector part is 

+ 2/5i2 3eoi^^ + 2-^11^01X23 + 2^.3eo2Xi,i + 2<^Ba;eo3^i2. 
Now applying the transformation 2) for a translation of the 
origin, 4) gives 

3') a^Hl^ii?£<„^ + ^^l<,'? + />as^03^) = 0. 

«nUoL3n ^1^+^22 So2^+;?»»Xo32 + 2,3a8Xo2Xo3 + 2^3iSo3XM 

2 /5i2 3eoi S02 -4- 2 hi Xoi 3628 + 2 ^22 2602 ae,. + 2 h, s^ Xi^] 

[2«,(^22— ^83}S02^0= + 2rt2(^33-^ll)^0aS01 

The coefficients of the product terms are the only ones 
that are essentially changed, and we see that these can be made 
zero by a proper choice of the coordinates iJo : <*! ■ «2 ^ ^3, when 
6) {6^—h3)(^m—hi)iK—h^) + 0. 

Then we have 

. . . , . fi.. . /%, . ^n 

That is, under this condition 6), the equation 4) can be 
reduced to the form 

8a) On X,2 + 023^2^+033 ^=2 = 0. 



7) 



*) Clebacli-Lindcmami; Geometric 11. , pp. 165^170. 
Salmon -Fiedler: GeomDtrie des Raumes I. 
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If the expression in 6) vanishes, we have two types accord- 
ing as ^22 = ^83 or I'll = 1^22 ^ ^S3- In these two cases ' the 
equations can be written in the following forms respectively: 

8C) an(X,2 + X23 + ^3*) + e{an^i^-fa22^2^+as3-^3^ 

+ 2 Caa ^a -^E + 2 asi^^i + 2012X1^3) = . 

In the former case the coordinate a^ is entirely arbitrary, 
and in the latter a^ «a, «3, and entirely without effect so tax as 
changing the coefficients of the equation is concerned, as we 
can easily see by a consideration of equation 5'), 

Now for 8 b) wo can find a real rotation esprcssed by 
equations of the form 

X, = X,' , Xi = lii X^' +■ 4e Xs' , Xs = 42 X,' + /»» Xs' 

such that osa Xa^ + 2 a23 Xa X3 H- oss ^2 will take the form 
a'aa Xa^ + a'33 X3^ and Xa^ 4- Xa^ still remain unchanged. 

Similarly, for 8 c) we can find real rotations such that 
an X,a + a^^Xs^ + a8BX33 + 2 033X2X3 + 2 a,! X^X, +2 a,, X, Xa 
becomes a'„ Xi^ + a'aa Xa^ + a'ss Xs^ while X,M-- X^^ + X^a 
will remain unchanged. Therefore 8 b) and 8 c) can be reduced 
to the form 8a). Summarizing, we have the result: 

A synectic equation of the second degree in ray-coordinates 
which has only real coefficients can always be reduced by real 
motions of the reference-system, to the form 

9) ai , X,B -L a^ XjS +■ 033 Xa«= . 



§ 7. Different special Canonical Forms. 

The points which come into the consideration of equations 
8 a), b), c) through 5') and 7) might be readily considered as 
centers of the corresponding congruences, in case we limited 
ourselves to such as have equivalents in the Pliicker line-con- 
tinuum. Making use of this idea, we will consider the question 
again, this time using equation 9) for greater clearness. 
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When S (022—033) (oas— an) (an— Oai) + 0, we find that the 
center is entirely determined and that its coordinates are 
1:0:0:0. 

If 5 fosa— a93)(ii83— On) (au-aas) = 0> ^iKi ^^t one factor 
of the prodnct is zero, as 5 (033-033). then one of the coord- 
inates becomes indeterminate; in this case «i, but the others 
are all definite. Here, then, we may say that there is a line 
of centers. 

The rcmainmg possibility is where S a, 1 = S ass = ■Sa^s- 
In this case, the center is entirely indeterminate, since this is 
true of the three coordinates Oi, oa, «$. 

This idea that the configuration represented has a single 
definite center, or any point of a definite line as center, or an 
entirely indeterminate center (or every point hi space) gives a 
criterion for a different division into classes which can be car- 
ried out simultaneously with the one of § 4. These classes 
are three in number and will be designated by a), b), c); in 
which we have 5 (qu- 022) (022—053) (uss— On) + for class a, 
5 (on— flaa) (flsa— flas) (oBa-Qn) = for class b, and San = San 
= 5 ttsa for class c. 

In writing the equations in the following classification, 
the coefficients have been selected in such a way as to obtain 
the greatest possible symmetry, and in most cases unity has 
been used for the equal coefficients an. We then state our 
result as follows: 

A synectic equation of the second degree in ray-coordinates 
with real coefficiants can always be reduced by real motions to 
one of the following canonical forms : 

I. J =j= . 

A. ^zl .H ■ 

a) (fl,i + aiis)Zi24-(a22 + a22e)X22+(a33 + as3e)^3^== 0, 

b) X,2+«23(^2^+^8^) + e(«2a^2^+as3^32) = 0, 

c) X,^ + X,^ + X,^^s{anX,^'^as^X^^-fra^^XA'^} = 0. 

B. SA =-- . 

a) (a,, + ctii e) Xi'^ + {a^2 + «3-3 s)X^^+s a^, X-.^ =■■ , 

b) X,2-f Jf22+e(a22^3^ + a33-^D'=) - . 



10) 
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//. A = Q. 

A. First minors oi S A not all zero. 

(an + (In e) Jt,^ + (aj2 H- a^a e) Xa^ ■= , 
X,2 + Xa" + e (a„ Xi^ + (X22 X^S} =^ . 

B, . First minors of SA all zero. 

a) X>^ + eia,2X,^+a3sX.,'^) = , 
^) Z.^ + saaaXa*' = , 

7) X,3 = . 



IV. Coordinates of the Second Kind. 

Equations of tlie Configurations for tlie General Cases. 

Parallel Pencils. 

§ 8. Coordinates of the Second Kind. 

Although the dual coordinates in the ray-geometry are so 
closely analogous to the homogeneous coordinates in a plane 
and leave nothing to be desired in regard to the finite domain, 
nevertheless we do not obtain a closed continuum of any type 
corresponding to that of the projective geometry, in so much 
as we do not obtain definite rays as limits when we pass to 
the region at infinity, i. e. where 3eoi =^ Soa = 3fo3 = 0. 

In order to overcome this difficulty the following system 
of coordinates was introduced.* 

1) X,= Xoi; ?£u= \^^f^['\' (*■ = 1. 2, 3) . 

They are called coordinates of the second kind, or coorcdnates 
of the first natural system and they satisfy the following relation 
identically : 

2) S:Xu + 3e,^22-i-;es3e3s = o . 

'■'" Dynaraen pp. 258— 2fll. 
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Further, these coordinates are homogeneous in a new sense : 
namely, in that the same ray is represented il we multiply 
3Ei by e, and at the same time ^^ by q^ for i = 1, 2, 3. 

By this change a new continuum is introduced so related 
to the original one that to every ray of the one there corres- 
ponds one and but one ray of the other, except when 

3) iEoi = ;£o2 = 3£oB = 0, i. e. £^1 = iEa = iCs = 0. 

In the first natural continuum, these special rays are called 
Point Rays, and they make up the totahty of rays which are 
situated at infinity. All other rays are called Proper Says. 

Prom this we see that we can discuss the configurations 
in either continuum by means of the corresponding equation 
in the other, except for the rays satisfying 3), and these must 
be considered separately. 

§ 9. Equations for Case 1), § 2. 

We wiU now find and discuss the system of equations 
in coordinates of the second kind which must be satisfied: 
1) for the dual equation S = ; and 2), for the general case, 
of the dual parametric representation of the second degree. 
In Section V, we will consider those for the case SI = 0. All 
the foUowii^ discussions will deal with the configurations 
obtained in the new continuum. 

Making use of the symbols defined by 2), 3), 4), § 3, we 
have immediately 

4) S = 0. 

Multiply '/^ 2' - by ^ , subtract S^* {^i ■^i + ^02 S^, -i-l<,%Ss) = 
and then substitute in terms of the new coordinates. Making 
i successively equal 1, 2, S, we obtain the following equations: 



5) 



By fmiher examination of this system of equations 2), 4), 5), 
i find that, considering the system made up of 2) and 5), 



y Google 



the determinants of the third order of the matris of their 
coefficients 






—■5. 


s. 


I, 


^1 





—s, 


I, 


s. 


S, 





X, 


I, 


& 


H. 






are all congruent to zero (mod S); and therefore for the rays 
"which are to be considered, these determinants must all be 
zero on account of 4), and hence the equations 2), 5) are not 
independent for any rays of the configuration. The determi- 
nants of the second order all vanish only if ^i = 3?a = i^a = 0, 
and in this case the whole system 2), 4), 5) is satisfied. 

Since the point-rays aR satisfy the system of equations 
2), 4), 5), it is unsatisfactoi-y for the determination of a closed 
configuration. We will now obtain a new equation which is 
particularly valuable in this connection. 

We rewrite equations 5), arranging according to Si , Sa , 3Es , 
as foijows: 

(O—a^! ^22— aiaSga) Si + ( — a^s 3^22 + flaa X93) X2 

-f (— «MXa34-%aS»B)3e3 = 0, 

(«8lXn "uXsa) Si H-- (^+«38Sli — ai3S3s)=£2 

+ («33 Sli — asi Sss) X3 = , 

( — a,2 Sii + an 3E22) Si -I- ( — Caa Sii ■+ flja Sag) Sa 

+ (i3— a23SllH-«3lS22)Ss = 0. 

Then elimmate Si, Sa, Sa as they appear explicitly in 2) 
and two of the above three equations. Usmg the first two of 
the above equations, we obtain the following necessary relation 

{Q—aa,^3i+atsiSsi), (— "aaSaa + OaaSas), (— flsa^EM + faa^sg) 

(«8iSii— fliiSsa) , (^H-^asSii— aiaSsa), (ossSh— OmSsb) =0, 
Xii , Saa , xsa 

and similar expressions for the other two possibihties. The 
three expressions obtained all have a common factor. The other 



S') 
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factor is ^.u, where the ;'* equation of 5') is the one omitted. 
Hence we have, either 



or the equation obtained by placing the other factor equal zero. 
The latter gives 



IfSn 





«u 


a:2, 




«21 


«22, 




Ob, 


«32, 




Xn 


X^a, 


^.. = 


^.B 


= 0, 



where an = a^; . 



^e from 5) that we must have 
Q= 0, which also follows from 8'), so that our first alternative 
is included in 8') itself. Therefore 8') is satisfied by the coord- 
inates of all the rays of the congruence if it is to be considered 
as a closed continuum. 

NoviT using the term reciprocal equation to indicate the 
same form of equation as that indicated by the same name in 
the analytic geometry, we obtain the following: 

^ the configtiration defined by the equations 2), 3), 5) furms 
a closed continuum of rays, the '^a- coordinates of the point-rays 
satisfy the reciprocal equation of S = 0. 

Using An with the usual significance, our equation 8') 
becomes, 

-1- 2AlS=3Xn + 2^i,X„S22 ^ Q^=0. 

but 7iot all its first minors zero, this 



"When SA 
becomes 



{An Xn 



Ai^ S33 



■ ^is^aa)^ — ^;ii2 - where Ai, = 



"When all the first minors vanish, it is 
i2^ = . 
Since 5=0 and J'2 = are both satisfied for all the point-rays, 
we conclude that the field of point-rays forms a part of the 
configuration in this case, even as limited by 8'). 
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Retuiiiiiig to the discussion of our equations, we find that 
2), 4), 8') do not determine the same totality as 3), 4), 5) be- 
cause all the rays from the system of eciuations given by sub- 
stituting — n ioT £i in 5) will also satisfy 2), 4), 8'). 

We will now show that no other rays are given by 2), 4), 8') 
than those obtained when we use both -|- ii and — i2 in 3), 4), 5). 

Prom 2] and 4} wiitten as 
4) X,S^ + -£,Ss.-^^sS^ --= 0, 

2) a:iXul-X2X,2 + S3,^3. - 0, 

we obtain 

Introducing the common factor <p, we rewrite as: 
[ — S, X22 + ^2 Xo3 + ^1 ?> = , 

I — S^^n + SrX,2 +^8(P - . 

Combining 5") and 2) as in the preceding discussion we 
find an equation of the form 8') but differing from it only in 
that Si^ is replaced by y^. Hence hi order to obtain the same 
system of rays in the two cases, we must have. 

g>^ = i22 or g> = + Q. 
This proves our assertion. 

Using 6* to represent the reciprocal of S, and S to indi- 
cate that the coordinates SE^i ai'e substituted for 3£i in S, we can 
rewrite our equations 2), 4), 8'), as 
2) (SiS)^-O, 

4) 5=0, 
8) ^ —Q^ = ; 
also 

5) Si S,-,- — S) ^ii -h S, i3 = 0, (/ - 1, 3, 3). 
We will now adopt the following definition: 

A dual conical congruence is one the totality of whose rays 
is determined by the equations : 
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5 - , 5 — fia = , (X I S) = , 
Si^j— Sj^-WcHi^Q ^.0, {i = 1, 2, 3). 
&1 coordinates of the second kind, we will call canonical 
equations those which are obtained from the canonical equa- 
tions in coordinates of the first kind; namely, 

9) 0,l^I^+%2 3e32+fl33S32= 0, 

10) «32 «,,s Si,^ + "Sa an dc,2^ + «J1 «2a ^35^ — -'->^ = , 

where 

11) Q = 1/, («„ ^,2_L „^^ ^',2+ a,s ^,^) . 
The equations 5) hccoine 

—033 .^3 ^22 + «22 ^2 S33 +^1-0= , 
«38 ^3 3£ii — «a ^1 X33 + ^2 i^ = , 



§ 10. Equations for the General Case of dual Parametric 
Representation. 

We will now determine tlie system of equations in co- 
ordinates of the second kind, which must be satisfied wlien the 
dual coordinates are represented parametrically by functions 
of the second degi'ee in two dual homogeneous variables when 
57+0. Take 

Xi - f, (t: t, ) = fi ih,h)\ 
[<Pi {ti ,h) + Fi (t, , ^2 ; Ti , Ta )] e , {i = 1, 2, 3). 

Make ta equal a scalar ts, {which is sufficient for our discus- 
sion), separate the functions into scalar and vector parts. Then 



writing /ii 



- '/s jy ,fii = 1/2 jy , our representation becomes 



13) X, -^fi (h, t2) + [g>i {t„t2) H- 2fi,(h,t,}T;] B 

For the coordinates of the second kind, wc have 

K'-'"' '-2r( ^^'••■^"\ 



14) 



In ■ 
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Eliminating 
we obtain 

U.,/J VnJii 1/1,9^. 

By making use of the identity 



V between the two expressions tor ^^ and 3:3^ 



j/„,/>J+|/,,»>,||/.i,/„| 



16) 

this becomes 






= 



+ I/,,,/., 

)/u,/„ 



= /l I 



?>l , /l. , /l! 




C^, /«,/.= 




«>.,/..,/» 




?>. /.I,/.! + fft i/ll,/» 


/,„/■. 


|/„,/» 



1 !/..,/« 

We obtain similar expressions for the other pairs ^33, ^n, 
and Kii, Xds. 

Since we suppose here that SI ^ 0, we iaiow that any 
homogeneous form of the second degree in ti , U can be ex- 
pressed hnearly and uniquely in terms of /,, fi, fs. Doing this 
for the various functions above, then substituting in terms of 
o£i and representing the resulting expressions by single letters 
as foUows: 



18) Si ■- 



fkU fki 



- 0=L,S, + L,.%^L,S,, 



we obtain the following equations in coordinates of the second 
kind from 16) and 17). 



19) 



20) 



H,5, + I,.S, + X,S, = 0, or 5=0; 



— .S, Sa + A i, + Si fl = , 

■%Iu —S,X„ + I,a - 0, 

-Saii + SA, +I.fl = 0, 



where SA ^ 0. 
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It can be easily "verified that the expressions St can "be 
written in the tonus 



21) Si = ai^-ii-hai^Ii + 

and therefore that 



a^aXg. 



dS_ 



Then the equations 19), 20) are of the same type as 4), 5"), so 
that the proper rays given by 13) or 14) belong to configura- 
tions of the type given by 2), 4), 5). 

We now turn to the discussion of the point-rays given 
by 14). Since we suppose SI =1= 0, we can not find finite 
values for ti : U for which /j = 0, {i = 1, 2, 3). Therefore, in 
order to obtain point rays, we must consider the cases for 
which ^2 = and t infinite. Prom 14), we see that there result 
perfectly definite proper rays so long as U r is fmite. If h -r 

becomes infinite, we consider 3^ as multiplied by } — _1 



and £ii by 



■_ and the limit talfen. 
\/n'A-2 I 



X, -= 0, Sii = 



U , M 



{i 



1, 2, 3) . 



Representing the ^ - coordinates of rays corresponding 
to the value i = ii : 4 by JEf <*>, and the point-rays corresponding 
to / by , X{iif\ we can write the following equations by ap- 
plying the relations 16), 18), 21), 

Eliminating •£; '''•' and dropping the index (t), we obtain the fol- 
lowing equation which is satisfied by the point -rays obtained 
from 14). 



23) 



24) 



X(22) 
SfS3) 
3E(1I) , .^(23), ^(33). 



Ogi , CI22 . "^28 
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Prom equations 19), 20), 24), we see that the configuration 
given by 13) or 14) is of the type given by 2), 4), 5), 8); or 

The configuration in the first natural continuum which 
is determined by the general quadratic parametric representation 
in dual variables is a dual conical congruence. 

Extending the name synectic congruence to such con- 
gruences of the first natural continuum as are obtained from 
the dual representation bearing that name, we may say: 

In the first natural continuum, the configuration given by 
the general synectic parametric representation of the second 
degree is a dual conical congruence, to which we give the name 
synectic conical congruence. 



§ 11. Parallel Pencils. 

Before turning to the remaining sjTiectic quadratic con- 
figiu'ations, we wish to mal^e a remark upon the special type 
of expressions for the coordinates of all cases, and also call 
attention to a new grouping of the elements as they occur in 
the configurations and give the cross connections to the Pliicker 
continuum for such cases as have an interpretation therein. 

The expressions 14) and the discussion of the point-rays 
which is directly connected with 22) are in no way limited to 
the case SI =j= 0. "We know immediately that there is always 
a point ray coiTesponding to a given value of fi : tt , and its 
coordinates are given by 22), in which we may multiply all 
the expressions by any convenient finite factor. Using ;£«() to 
represent coordinates of point rays, and It , ^u for some proper 
ray of the set considered, we see that all the rays for a 
given value t, : ti are given by 

25) Xi, 3lii -+' ^I^u). 

Such a set of rays we will call a Parallel Pencil'^. The 
rays of such a parallel pencil all have the same direction and 
all intersect the same » ^ rays at right angles. The proof of 

'■'" Dynamen, pp 203 — 4. 
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this property will be involved in tlie discussion in § 17 a,nd so 
will not be carried out here. 

As coordinates of such a pencil, we will use the quan- 
tities Si and ^ii and an additional quantity which wUl penult 
us to determine some one, although arbitrary, ray of the pencil. 

Considering the quantities 25), we know from the funda- 
mental relation 2) of coordinates of the second kind, that 
2) Xi In -+- ^2 ;E22 + S3 ifss = 0, and also 

St S(ii) -h Sa S(2a) + Sa S(8s) = *^i 
must be satisfied, and therefore that 

I X(28) X(33) I I A(9B) K-iii) I I it(Li) it(aa) | 

where i3' is used to represent the common value of the ratios 
£i' may then he considered as a coordinate of the pencil. The 
remaining ones, we define as follows: 

S,'. S2 '• 3a = Si : Sa : Sa , 

*i:*2:*3 - S(i,):S(a«:S(33). 

These satisfy the fundamental relation 
Si <5, -1-- 8s <^a H- a <P3 .-= , 
so that the seven quantities Si', Si , ^i (i= 1, 2, 3) are essen- 
tially but four. They have the pecuhar homogeneity that if 
SI' aiid Ei or SI' and *i (i = 1, 2, 3) be multiphed by the same 
scalar quantity, the pencil represented remains the same. 

Then from the relations 14), we immediately have the 
theorem : 

In every synectic quadratic congruence, the rays are ar- 
ranged in parallel pencils, or there is but a single point-ray 

% 12. Envelope of the Planes containing the Parallel Pencils. 

For the comiection with the ordinary geometi-y of three 
dimensions, in the cases where the rays belong to a PlUckej' 
continuum, [(S | S) =|= 0)], we use the following. 

''' (it. Dynanien p. 291. 
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Dra"W a plane through the origin i)ei'pendiciilar to the ray; 
its coordinates are 

uo : u, : U'i : ub = O'.li'.^-i'.^s ■ 

The coordinates of the point of intersection of the plane 
and the line are 
27) Xo'.xi'.Xs'.xt = (3e|S) : 3£ii : ^33 : Xbs ■ * 

For all the rays of a parallel pencil, we have 
Xq : Xi : X2 : Xi =< x'o'.x\-\-^'^iijX'o:x'^'-\-X''£(si}X'o'.x's-\-X'^(ss)X'cr 
where x'^ : x\ : x'^ : x'^ correspond to 36; , Si, of 25), 
and where X' = A.(^j-E)-' . 

Then all the lines of the pencil lie in a plane whose 
coordinates are 



Wo : Ml : Ma : wg 



Q-: 



-fi, ^i - 



, ^1 \'\ 3*1 , *2 i" 

Substituting in the coordmates of the parallel pencils, 
we have 

In the numerator of Q', we find the same expressions as 
enter in tlie right hand members of the equations represented 
by 15), but with the opposite sign. Tlien by the same re- 
duction and a division by ft , we have 

9>,, /„,/,. 
28) fl' = - ,p,, /„ . /„ . 

, /„ , /.. 



For 



we have 



, /„ , /„ I/, , /„ , /„ 
2fl) Wo ; wi : M3 : Ms =^ ' : -/a ,/2i , /as . o , /21 , /^ 

Wilting Qi , Qi, 08 for the co-factors of the elements of 
the first columns, in all these determinants, which differ only 
m their first columns, we have 



-/. ■/.. 


,/.. 


/. , /« 


,/.. 


0,/.. 


/., 



Dyaamen p. 304 (13). 
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un : u, iii^-.-Ui = Q,<p, + Qi (p2 -4- Qs ^3 : 

e./. - Q^A ■ Q^f> - Oi/a : a. A - &/i. 

Therefoi'e : 

In a synectic congruence of the second degree in a Plucker 
continuum, the planes of the parallel pencils i 
surface at most of the fourth class. 



V. Configurations witli duai Parametric Representations 
wliere SI = 0. 

§ 13. Canonical Forms of Representation where SI^O but 

not all its First Minors Zero. 
We have found above, § 10, that the rays determined by 
a dnal parametric representation of the second degree with 
5/=|= are rays of a configuration having a synectic equation 
of the second degree of the so-called general type, i. e. S A ^0. 
We will now take up the discussion of the nature of the con-' 
figurations determined by those cases of parametric represen- 
tation for which 5/=0, which have been excluded up to the 
present time. Here we will again use the form of parametric 
representation previously given: 

1) Xi = mm ti= + 2 aiiiia ti U + ma^t t^S (i = 1, 2, 3). 

In order to reduce our representations to certain canonical 
forms more convenient for our investigation, we wiU apply 
linear synectic transformations which we represent in general 
by %, and which are defined as follows: 

%: ti = oti' + fita', t, ^- cti', + hW; 

and we call 3) its determinant, where 
SD = ab — 6c. 
After applying the transformation, we will omit the primes, 
and then, as in the preceding section, § lO, make ta equal the 
scalar 4. 
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For our present purpose, it is only necessary for us to 
follow the transformation of the scalar part more in detail. 
This we write 

2) Xoi ^ Miu ti^ + 2 Mii2 h 4 + Mi22 W^ , (i = 1, 2, 3) . 
Further from the nature of these dual quantities, we find that 
the scalar part of the representation resulting from the appli- 
cation of X' to 1) is the same as that obtained by applying 7", 
ihe scalar part of % to 2), where 

T : i, == atj' + btz' , h = cti' + dh'. 

We can further separate such representations into two 
classes for which the correspoiidhig configurations have essen- 
tially different characters: namely. A) where SI=0 but not 
all first minors zero, and B\ where 5/= and all first minors 
zero. We will now discuss these two classes separately, in 
■each case fii^t reducing to canonical form. 

In class A), we make a still further division into two 
classes : a) where the three functions fi do not have a common 
iactor, and ^ where they have one common factor. Then by 
properly choosing S, with 5® =]= 0, we can reduce to the fol- 
lowing tj'pes, neither of which can be transformed into the other. 

"' « S., =. (2 M,„ t, + M„ h) t,. ^' - • ^' ''■ 

where the quantities Mijk are not all zero. 

In both of these cases, we know tliat the coordinates 
S^ satisfy a linear relation, as 
4) N, Xoi -h N2 X02 -\- Ns X„3 = , 

since SI = 0. Hence 

All the rays given by a parametric representation of classes 
A) and B) form right angles with a definite direction and 
therefore belong to a planar complex. 

Then they all satisfy an equation of the form 

{^tXi)-{%2Xi) = 0, in which S%j ^ Ni , (j^llP^) ; 
where we define 

■ {mx) = (SRi Xi ) ^ (^1 X, + eta ^, + gjs ^8 ) . 
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In case a), we obtain two sets of rays which belong to any 
one of the admissible directions; since there are two values of 
ti : ti for every admissible set of values Koi : ^02 '■ 3£o8- In special 
cases the two sets will coincide for all values of ti : is, but in 
general they do not. 

In case ^), every ray is obtained but once. Por admissible 
values of Soi : 3£oe : 3Eo3 for which not all the terms are zero, we 
have two values of ti : ts, but in one of them is ^a = 0. Tins 
however gives ?S^ = 0, (i = 1,2,3), and for values depending 
on ^1 : ts only, this is the only one giving this set of values ; 
because otherwise our quadratic forms are such that SI=0 
and all its first minors zero, and this is expressly excluded in 
this discussion. 

In general, Iji, (j,k — \,2,s, j ^ k), contain both ii^ and 
/i ^2 in the part independent of t, and a transformation % can 
not be found such that ^i 4 in a) or t{^ in ^) shall disappear 
from all the expressions cEji and stiU reduce the scalar parts 
to the preceding types respectively. The cases for which it is 
possible to perform the above mentioned ehmination give two 
special types of the present class for both of which /= 0. 

The former gives the canonical form 

5) a,) Xi = Win t,2 + mi^^ U^ , \i = 1, 3, 3), 

which is still quadratic. For the other we have 

5) M Xi = (2 50^12 1, + mm ti) t. , ii=\, % 3) , 

which is "essentially linear. 

In case a), all the synectic parametric representations for 
which 7=0 are reducible to the form 5 a^). This we prove 
as follows: 

Taking the representation 1) and applying the transfor- 
mation S for which 5 ® 4= 0, and imposing the condition that 
Mm' = , (i — 1.2, 3), we find that 

either « — t/ — 0, or c=b = (S. 

Then, writing bM^t, for VSSh^, we must have 

M'iii== Minab -i- MitiCd-\-Miubc, or 

M'ii2 = Miu a ^ Mi^^y d + Mn^a d , (i = 1. 2, 3)„ 
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respectively. In either case, the necessary and sufficient con- 
dition for the vanishing of Mm (i=l,2,S) is the vanishing 
of the same determinant, namely that of the quantities Mi u , 
Mis2 , Wii2- This, however, is the necessary and sufficient con- 
dition for the vanishing of /. 

In case ^, when /— 0, we know from VI =0 , that 

Miu = 4Ciil/ii2 -!- gCaMaa . {i = 1, 2, 3) , 

or, on account of the dual homogeneity of the representation, 
we may say that the form is such that 

Miu - c^Mm , (i = h 2, 3), 

and the general case under this condition is represented by, 
5/?ii) Xi= (2aJl^ilatl^-a)i,■a2t2)t2-(-8CsJWiaB*l^ (t=l,2,3). 

This can not be reduced to 5 ^2') by transformations % with 
5® -f: 0. For the representations of this class, in order that 
Min =0 (i = i,2, 3), we must have c = 0, and then 

M'in= 2Mii2ay-+-a^csMi22, (? = 1, 2, 3); 
and since a =j= 0, this can not be reduced to 5 /9a') unless c^ = 0, 
i. e. unless it was originally in that form, since otherwise all 
the first minors oi SI must vanish. 

We will now, however, exclude all cases ^z) from our 
further discussion for the following reasons. In 5^a') the ex- 
pressions aU have a common factor tj, and then become linear 
after division by it, and the original representation was not, 
properly speaking, quadratic. The reason for the exclusion 
of the remaining cases, is that they also give rays which inter- 
sect a single ray at right angles, as wiU appear more clearly 
after the discussion of the point rays and of the configurations 
which have a correspondence in the Eluclidean space. (§ 14). 
Every ray is counted hut once, as we saw above ; and all be- 
long to a congruence satisfying a linear dual equation, as wiU 
be seen from § 17. 
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§ 14. Coordinates of the Second Kind. 
Greometrical Description of the Configurations for Case A). 
For the further discussion of these cases, we will intro- 
duce coordinates of the second kind. Then as before, we have 

I /fc . y* I I /m , /*2 I 

For point rays, we must have K, = ^a = iEa =^ or values 
reducible to this form by using the homogeneity of the system. 

For case a), we can not obtain 3£i = Sa = SEs — for any 
set of values depending upon h : te alone where both i, and /a 
are not zero, or one in which v is finite. Now dividing the 
expressions for Jj by ( — 2vti ts^ '^' and those for ^jby ■~2Tt,i2^ 
and tailing the limit for Ttiti^ infinite, we obtain 

vFhich gives but a single point ray. 

For case j?), we found above that ^a ^ gave Si = act = S3 = 0, 
but we find that in this case lu = ^22 = JEsb are also zero. 
Now dividing Xj by t^ ''= and t^i by ti , we obtain 

7) Si = (2Mii2ti + Mi22ts)t,'t\ 

Using sMyk to designate VSSl^ii as before, passing to the limit 
for fa = 0, and performing a division by 2 in Sji , we obtam 



M,n 


,Wji, 


- U,„ 


,M„ 


Jim. («(,») 


M„, 


, *.<! 


«ia 


.,M„ 


■-(i = l 



1,2,8). 

In this case, we obtain an infinite number of point rays 
unless Mf,i = 4ci jV/ii2H- 2ca J/jaa {i = 1,2,3), In which case 
they coincide with the one obtained forvalues independent of h'.ti, 
namely where tt^^ is infinite. Since, dividuig by (— 2t4^)"' 
and — St^s (instead of as in 7), and taking the limit, we have 
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This point ray belongs to everj' set of parallel rays of the con- 
gruence, whatever the direction. 

Recalhng the reason for the introduction of coordinates 
of the second kind, we see by referring to 27) § 12, that the 
point-rays and the points on tiie plane at infinity have a one- 
to-one correspondence with each other and, in fact, can be 
considered as essentially the same.* We may then speak of point- 
rays as lying on loci in the plane at infinity jiist as we speak 
of the points in that plane. Using this idea and also that of 
parallel pencil as introduced in § 11 , we may summarize as follows : 

In class A), the rays having the same direction lie in tivo 
parallel pencils which are different in case a), and are coincid&tit 
in case a^; and but one for every direction in case (9). In both 
cases, all the parallel pencils have the same point-ray in common : 
in a), there are no other point-rays ; in ^), there are « ^ other 
point-rays, all on the same straight line in the plane at infinity. 

Using / = 1 or 2 according as we have case a) or 0), 
the coordinates of the parallel pencils are 

Ei= fi , <Si == ,/ ,/ , (i = 1, 2, 3); 
I -Mill, M^n \ ' ' -" 

and for Q', substituting in the expression 28) § 12, we obtain 

, Mm, A/iss 

, Man, Mni 



Q' = ■ 



Msi. 



^32 



In order to obtain an interpretation in ordinary Euclidean 
space for such cases as have a representation therein, we sub- 
stitute in 29} § 12, and obtain for the coordinates of the planes 
containing the parallel pencils: 



wq : Ml : «a : Ms = 





0, «„,, M„ 




/.,*■ 


, JMm 


\-f...M„ 


,M, 


fi' : 


—ft, M,n, M,„ 




0,M„ 


, M„ 


■■\ /., M„ 


,M, 




/,, «„,, «„ 




-fulU,, 


, «_ 


0, M„ 


,M, 


* D 


yuamen p. 261. 
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or, , designating the co-factors of the elements of the first column 
of all these determinants by k^, k^, k^ respectively. 

Mo : ui : Ma : Mg = 

By substitution, we can verify that 

ki Ml + ^2 «3 + Ag Wa =" , 
and therefore all the planes are parallel to the hncs whose 
direction-cosines are proportional to ki,: k^: k^. The expressions 
for Ui are all qua'dratic functions of U : h ; which all have a 
common factor U , in case (?. In case au), the term /, f^ does 
not appear in the expression for H', and the coordinates Mj be- 
come liuear functions of f/ : h'' ; in case ^2), Ei and Q' all 
have a common factor U , and on account of the homogeneity 
belonging to the system, we can divide by it. Then Si , iJ' 
become linear in h'-tf,, and as ^i are all constant, we con- 
sider the representation as not properly (juadratic and so to be 
excluded, as has already been done in § 13. 

We will now collect our results after giving the following 
definition. 

A cylindrical congruence is the totality of all those tan- 
gents to a cylinder which are perpendicular to the generators 
passing through the points of contact. 

The rays of the quadratic synectic congruences of Class A) 
form a cylindrical congruence, in which the cylinder is of the . 
second class. In case a), the cylinder is elliptic or hyperbolic; 
in case a^ ), it is a straight line counted twice: and in case ^), 
it is parabolic. 

§15. Canonical Forms when all the First Minors of SI are 
zero, Gfeometrieal Description of the Configurations, 

In class B), from the condition that aJl the first minors 
of SI are zero, the functions fi must all contain the same 
factors. Again we divide into two classes; a) where the two 
factors are different, /?) where they coincide. The two cases 
cait then be reduced to the canonical forms : 
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I a) Ij .« M,„l,t,, 

AVriting the representations some -what more at length, we 
have for the two cases, respectively: 

For the case a), however, on account of the dual homoge neity, 
we can drop the term i/^s is ^e in Xi , and can then rewrite 
in a single form for the two cases 

li) Xi= Mititg^ gii . s, (i = 1, 2, 3) , 

where / is 1 or 2 according as we have case a) or /9), respec- 
tively. From this system of equations, we can say: 

In class B), there are only =e>i proper rays and they are 
all parallel. 

It foUows from ll), that till the rays given hy this re- 
presentation satisfy the synectic equations represented by 

{^^X).m^X).^B{^^X).m,X) = 0, 
where the quantites 31 satisfy the conditions 

Ni,M,-^ Ni^Mi^ Ni^M^^ 0, (? = 1, 2, 3), 

and 9^41 , ^Jia, 9^48 are entirely arbitrary. 

The coordinates of the second kind are given by the 
equations 

12) ^ = Mitih,^u^^ \ J' ^'\ {i ^ 1, 2, 3) , 

or, after dividing £i by ((< ti )'''' and ^ by ti 4 , 

, I M^ , (p! 

Talcing the hmlt for ^i t^ equal zero, we find the coordinates 
of the point-rays. In case a), we have two point rays, one for 
each of the values t^ = 0, and t^ = 0, except when M^s — 
cMi and Mm = cM^ (i = 1, 2, 3), respectively. In either of 
these cases, the M corresponding can be made to vanish by 
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multiplication by a properly chosen dual factor, and the para- 
metric representation 11) reduces by dividing by the corres- 
ponding t. It is then no longer a quadratic representation and 
is excluded. In case j5), we obtain one point-ray, unless Mm = cMt 
(i = 1, 2, 3). Here, as in the preceding case, the representation 
reduces under these circumstances, and is excluded. 

Summarizing we have : 

For the properly quadratic parametric representations of 
class BJ, we have two point rays in case a), which coincide if 
Mii^ = cWiaa (i ^= 1, '2, 3); and but one point ray in case ^J. 

"We will now pass to the Euclidean geometry, and deter- 
mine the nature of the totalities of lines given by such re- 
presentations. We introduce the following relations already 
given in § 12. 

Xb'- Xi'. Xi'. X3^ (^,'3;) - iEii ; ^aa : X^b ■ 

From 12), by cancelling the factor f; ^2 , we have 





M, 


. ft 




Ye also find that 








M, x^ + 71/3 Xi + M.J Xi = 


= 0, 







and we conclude that the points Xi all lie on a curve of the 
second order, or on a straight line counted twice. Hence 

The proper rays given by a properly quadratic r 
tion of the class B) are the generators of a non-^ 
cylinder of the second order, or they form the rays of a parallel 
plane pencil counted twice. 



y Google 



VI. General Descriptive Properties of Dual Conical 
Congruences. 

§ 16. Discussion of the quadratic Equation in a single 
dual Variable. 

Before taking up the discussion of properties of the dual 
conical congruences, it will be necessary to introduce some 
preliminary considerations which have to do, 1) with the so- 
lutions of equations in a single dual variable, in particular, 
with the quadratic equation; 2) with the configurations of the 
ray geometry which are represented by linear homogeneous 
equations in dual variables or their corresponding equations in 
coordinates of the second kind. 

Let f„ (e) represent* 

where 

g){x)^ acX"-\- cti x'^' -+- Oa j^—^ ■+- -+- a" . 

If f (e) = 0, then both f{x) = o and /' (x) . | -h y (at) -= o ; 
and we may have the following cases : 

1) /' (*") 4= 0- Then ^ has entirely definite values. 

2) /' (x) = 0- If y (iv) =j= 0, I can not have finite values ; 
but if 5? (iv) = also, | is entirely indeterminate. 

Turning now to the quadratic equation, we will find the 
condition in order that the ratio of the two roots shall be scalar. 
We write the resulting equations as 

1) flo ^^ 4- fll i* + ^2 = . 

2) (2«o^ + «i} I 4- (a^x^ ■+- aix + ai)= 0. 
Calling xi, X2, |i, ^3, the values of x and ^ which i 
these equations, the ratio of the two values ji : ja is 

Si : £s = ^i + ^1 e : ATa + la e . 



" DynameD pp. 197 — 198. 
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For this to be scalar, the necessary and sufficient condition is 

J^2 li — ^1 la = , or ^i : ^a = li : S2 ■ 
Substitutuig in this equation from 1) and 2) and rewriting in 
terms of the coefficients, tliis becomes 

ai flg «o + an ai,aa — 2 % aa tti 

As we wj]] arf:^] ilil if ai .((j.'! !:< ; ' v 
we have a necessary condition, as 

4) «i Oa (to + Qo «i Oa — 2 a,, a^ cti ^ ; 

and as long as Oo (-^i^ — 4 do i^a) =H 0> it is also sufficient. For 
Qo = 0, and 4) also satisfied, the ratio is either a fitiite scalar or 
infinite. However, when 4} is satisfied and also a,^ — 4 Oo oa = 0, 
{except when a, -^ oa ^ o or ao = «3 = 0), ^ has no definite 
value, as these are the conditions under which both terms in 2) 
vanish; similarly when ai = as = or a^ = ai = 0, and ag = a, 
= aa = 0, I is indefinite. Further cases will not be discussed, 
as we need consider only cases where Uo ^ 0. 

§ 17. Normal Nets. 
Wc will now consider the linear dual equation* 

5) S ^ (OX) = U,Xi+ U^ Xi + f/s ^8 — . 

This expresses the condition that the ray Xi intersects the ray 
Vi at right angles. If JJi {i = 1, 2, 3) are constants, this equation 
defines the totality of rays Xi which cut Vi at right angles, 
thus giving a congruence to which has been given the name 
Normal Net. The ray Vi is called the Principal Axis or 
Directrix of the normal net. The quantities Ui may be con- 
sidered as the coordinates of the normal net, and then we 
obtain the same kind of reciprocal relation, in this geometry, 
between ray and normal net in combined position as holds in 
plane geometry between point and line in similar relation to 
each other, and also a corresponding relation between the dual 
collineations. 



■' Dynamen p. 202, 
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Taking the coordinates of two rays as Xi and X^, and 
forming 

where ti and t^ are dual quantities, we find that if Xi and Xa 
satisfy 5), then all the rays given by 6) also belong, to 5). 
Also, if Xi and Xa are not parallel and satisfy the equation 5), 
then all the proper rays of the normal net are given by 6). 
Further all the proper rays of a normal net 5) which have the 
same direction can be obtained from any two of them by the 
formula 6), where li and ta are scalar. Also that the equation 
of a normal net determined by two non-parallel rays X^ and Xa is 

I X„, Xn, X,3 

.(£/X)^(X, Xa X; -| Xa, , X^, Xm 

', Xi , Xa , Xs 

Writing U=u^vs, and forming the equations of the 
normal net 5) in coordinates of the second kind, we have 

7) L = Ml Xi + Ifa Sa -f- Mg ^3 = , 

I—ih ^a -|- Wa XsB -^ ^i 0) '^ , 
th Xn — Wi ^58 -+- Xa O) = , 

— Wa Xi, H- Ml Kaa -\- 'Xs (O =^ , 

where ~o) ii:; Vi Xi -\- Va 3£a + 113 Ss - 

We find a single point-ray in this configuration, namely, 
^. = 0, Sii — . Ui , (i -= 1, 2, 3) , 

which belongs to the family of normal nets for which 5 Ut =Ui , 
(i = 1,2,3), i. e. which liave parallel directrices. We may 
also say that the point -rays are determined by the directions 
in which they lie, and from the above we see that the coordin- 
ates 3£(«) (i = 1, 2, 3) give the direction. 

Now forming the coordinates of the whole famUy of 
parallel rays obtained from the two given by cEi, 3£i/'> and Si, 
3eij('2) we find them to be 

„ _ „ ^ _ h Xu'-^^ + h^i*'^ 
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This may be written 

S,. = S; . lii = X;/') + -^-^ (^; .(«)_;e,/i)) , (i = 1, 2, 3) , 
which is of the form 

already used in § 11 in connection with parallel pencils. 
We have 

;, = j^^- and ^ii) ==£;;(!)— =Eiii^) . 

Prom equations 8), ^[u) are the coordinates of the point-ray of 
the net 5) and therefore «* = ^«j; from the same equations, 
we see that m =- .Q' of 26) § 11. 

We see that the rays 9) belong to the normal net whose 
directrix is 

1 tlj , Vj I 

Ui ^ Ui , Uii = ' , (i = 1, 2, 3) . 

j «* , Vi \ 

Indeed, they belong to all those normal nets whose direc- 
trices are 

I Uj , -Ej I 

Mi , Mil -hfiS-i or fJ^i = Mj , (7ji = Vi -I- fl' \ „, (7 = 1,2,3). 

Hence we have the result, that 

All the rays of a parallel pencil belong to a family of 
normal nets whose directrices also form a parallel pencil. 

We will give the name proper normal net or simply 
normal net to such as have a proper ray for directrix. 



§18. The Rays common to a dual Conical Congruence 
and a Normal Net. Tangent Normal Net. 
We will now turn to the discussion of the conical con- 
gruences, and will first prove the following property. 

^ a dual conical congruence contains two parallel proper 
rays, it contains all the rays of the parallel pencil determined 
by them. 
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We will use the dual equation. Then 

Let the two parallel rays be given by l„i + e Ij,, and I.oi H- e X'j*. 
{i = 1, 2, 3). Then all the rays of the parallel pencil are 
given by 

Substituting in ^, we obtain 

{l-\'l') {IS-i-l'I') = 0; 
since J' = and 2^' = by hypothesis. 

Prom this it follows as a corollary that 

If a dual conical congruence contains three parallel rays 
not in the same parallel pencil, it contains all the rays of the 
bundle to which they belong. 

Also 

The parallel rays of a dual conical congruence can be 
arranged in parallel pencils; as we have proved before for 
the dual parametric representations only. Since to every ad- 
missible set of values ^^i + (i = 1, 2, 8), we have an in- 
finite number of rays which belong to the congruence. 

We will now prove the theorem: 

Every normal net has at least two rays in common with 
a dual conical congruence. 

Take two rays of the normal net which are not parallel, 
as X-i and X^. Substituting liXi^UX^ for Xin the equation 
(S = 0, we obtain 

10) Ii2@<i) 4- 2 Ills *PiB + 12^(5*=' = 

for the determination of U '■ U ; where ©''' and S*^' are the re- 
sults of substituting X, and X^ respectively for X in ©; and, 
after writing 

1 1) 9)ii — x„ @i"> + x„ ®,<') + x„ ®,M = 
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Representing the discriminant of 10) by D, we liave 

D = fpia^ — ®(') ©w and ^D = Pi^^ — 5W.?<«) . 
For our discussion, it is convenient to clioose 3Eoi*^' and 
2£oi*^' in a special relation to each other, namely, so that Pia = 0, 
but 6'i^' =1= 0. Then for the discriminant of the scalar part 
fit 10), we have 

From the condition that 51^ 4= 0, wc l^now that /i is ar- 
bitrary and can be taken different from zero. Placing I3 : Ii = t 
in the equation, we know from our previous discussion of the 
quadratic dual equation (§ 16), that so long as 6'"i =}= 0, we 
have two and only two different values of I, and therefore 
there are two different non-parallel rays common to the two 
configurations. 

If 51^' = 0, we have two cases according as i""' is or is 
not zero. 

If .i'W = 0, Xi is a ray of the congruence and we obtain 
an infinite number of values for (, all of which have the same 
scalar part, / = 0. Then the normal net has an infinite number 
of parallel rays in common with the congruence. Their coord- 
inates are 

12) hXi^sk^X^, 
and they all beloi^ to the normal net 

13) 5p = ^i ©.<" + X, SsCi ^- X3 ©a'l' = 

This normal net, we will caU a Tangent Normal Net of the 
dual conical congruence at the ray Xi. In fact these rays 12) 
helong to every net of the family whose equations are 

.3') ^.(s.»+.«l,:„,;^;,.,|)+*(&»+«.|^-.,;^;,„l) 



(I Sfi^ iEmW l\ 



where p, is an arbitrary scalar. 

If Z(i> =1= 0, we find X is infinite, so that then we may 
possibly have point rays and no others. For this we must 
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make a special investigation to determine whether the normal 
net S = 0, -where L = $01 S^^'^ + SEos Sa*" + £,3 S^i^) , has point- 
rays in common with © = or not. 

For the point rays of S = 0, we have 
14) X(u):3e(as):^aa, - 5iW : ^2<'> : ^^W - 

From the theory of the Conic Section, we know that 
5i<') ; ^aCt : SgW satisfies the equation J = if S-^i -■= 0, and 
therefore from §9, this point -ray belongs to the congruence. 
It must be counted twice because I is a. double root of the 
scalar part of 10). 

For the case where all the first minore of ^zl vanish, we 
remark that 5 D is always zero since S ^ kiS% and 
F12 ^kiSi <i' Si («> , and S<» = since St d) = {i - 1, 2, 3). 
As before, we have the possibility of point-rays and proper 
rays. Again, from § 9, we saw that the field of point-rays was 
always included in the configuration in this case; but from 
the present discussion we conclude further that it must be 
counted twice. 

We have also 

where Si * indicates that ;£/* has been substituted for S^i in Si. 

If Qi^) = 0, whether on account of D^^O or not, we see 
that Xi is a ray of the congruence and that the normal net. 
has an infinite number of parallel rays in common with @ = 0,, 
whatever X2 may be. Their coordinates may be obtained as 
before in 12). 

If Q^O and SW ^ and in addition 5'^' — 0, equation 
13) becomes an identity, since then both Xi and X3 belong to 
the congruence and U '■ U is arbitrary. Then aU the rays of the 
net belong to the congruence. This case belongs to the type 
Xi^ == 0, and, as we shall see later (§ 25) is exceptional. 

If i3 4= 0, we obtain only a point ray to be counted twice. 

In the preceding discussion, we have proved the following^ 
theorem, in addition to the one stated at the beginning of it. 

If Xi is a proper ray belonging to the dual conical con- 
gruence © = 0, the normal net 
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16) © = 



and © =^ have an infinite number of parallel rays in common. 

This includes as a special case the theorem, previously 

proved, concerning the distribution of the rays in pai-allel pencils. 



§ 19. Reciprocal dual Conical Congruences. 

Now if we write 
15) @i = 0(1^1 + OisXa + OiflX, = r£/i , (J -1,2, 3), 

15') l7iXi+ U^X,^+ U,X, ==^- , {aa = ai^), 

we can eliminate Xi from the four equations and wiU then 
obtaiu an equation which must be satisfied by Ui, as foUows 

On , Clia , flia , - ^i 

Ux, U^, U^, 

which we call the reciprocal equation of © =- 0, and the cor- 
responding configuration is the reciprocal dual congruence to 
© = 0. For the canonical forms of the equation © = 0, the 
equation 16) takes corresponding simple forms. 

If SA =1= 0, by means of 15), we can find an X corres- 
ponding to any O of 16), i. e. to any ray of the reciprocal 
congruence, we can find the corresponding ray of the original. 
Then we conclude that: 

If 5 J 4= 0, every proper ray of the dual conical con- 
gruence is the directrix of a normal net which has an infinite 
number of parallel rays in common with the reciprocal congruence. 

We wiU now prove the converse of this theorem, and for 
simplicity will use the canonical form for the equation. 

When 5 J =)= , if a normal net has an infinite number 
of parallel rays in common with the dual conical congruence^ 
Us directrix belongs to the reciprocal congruence. 

Let the equation of the congruence be 



= 0, 

where ajt ^ 
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17r) anX,^^ 0,2X2^ -h-a,sX,^ = 0, 

and that of the normal net 

ITa ) ai Xi + fe Xa + tta ^3 = 

The common rays must satisfy the two sets of equations 



1 «i Soi -H «a X02 H- oa So3 -= ; and 



18) 

] «ii ^1 S23 + O23 Koa Ssi + «38 ^B X12 H" 1^ = , 
I «1 Sas -+- aa ^31 + (Ha Xia +0 = 0. 

Each of the equations 19) is satisfied by 00 2 values for X^, 
but when each is taken in connection with the con^esponding 
equation of 18) and the dual homogeneity also considered, we 
find but 00 1 rays for any permissible values 3e«. Under the 
condition that l7i) and l7a) shall have an infinite number of 
parallel rays in common, the values of Xy* corresponding to 
those of Hoi obtained from 18) must satisfy 19). Therefore 

20) anc^Qi'.ai = «Ba^02;«2^ a3sJ£o3:«3^ Q:a,'^oi-i-aA2+(ii^'i3=^k. 

Prom the first equation of 18), it follows that 

21) ^ 4- ^^ ^ '^•- - 0. 

Oil flaa i3^B3 

By substituting in. the last equation of 20) values of A properly 
chosen among the first three of 20), we obtain 

„ a, flu Xoi^ (la »;3 3£(ia^ __ O-s <^a» ^aa''' _ 

a, «a (J3 

Then substituting for ^ in terms of ai from the first three 
ratios of 20), we have 

_ ^'^1 '^l _ ^^2_«2_ _ 23_«3^ 



Equations 21) and 22) are, however, the conditions that the ray 
whose coordinates are ai : aa : an shall belong to the congruence 
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"i-- 4- ^^ 4 ^^ — 0, 
Ctii flaa '^33 

which is the reciprocal ol 17) 

Prom these considerations, we see that lor SA^O, the 
congruence and its reciprocal supplement each other in a way 
exactly analogous to that which occurs in the theory of the 
Conic Section. Also when SA = , we expect the reciprocal 
relation to break down in a very similar way. 



§ 20, Distribution of rays in Parallel Pencils. 

We will now prove two theorems concerning the distribu- 
tion of the parallel pencils in the congruences; one theorem 
for each of the two principal classes I and II. 

First: When z) =(= O, to every permissible direction corres 
ponds a single definite parallel pencil. 

We will prove this by proving that there is but one point- 
ray for every such direction: since from the preceding dis- 
cussion (§§ 17, 18), we can conclude that if there is more than 
one, then the pencils are not determinate, and conversely. 

We will use the equations in coordinates of the second 
kind and also the propcities of the expressions in dual coordinates, 
sa) 5=0, 

f —S^X^i + S^X^^^X.Q = 0, 

24) j S^Xn —S^X^s^X^Si = 0, 

1 —^aZn + ^iXaa + X^Q = Q . 

In these equations 24), we substitute ^'ii+ASfn-) iov'^u, where 
■e'a represents the Si,- -coordinates of a definite, proper, but 
otherwise arbitrary, ray corresponding to a set of values •£, 
satisfying 23), and we find that jEj^i, must satisfy the equations 

II ■^i, Si, S, II 
2^^ W X X X M= . 

Il *(ll)l X(i2), X[33)ll 

These give perfectly definite values f or iGfi,; unless Si = S^ =3-6 = : 
If SA ^ 0, this can not occur. 
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If SA =-' 0, this may occur for those values of ^ for which 
both factors of 5 = Li L2 vanish simultaneously. In this case, 
Q must also vanish for this set of values, and therefore it has 
the form 

'lQ = XUU + {1, U -¥ I, U) U , 

where /.» is a linear homogeneous expression in Si , S3 , ?£--j. Re- 
turning to the expression in dual coordinates, we find that 
© can be written 

® = {In ^1 + 112 -^3 + /18 ^3) (4i ^1 + In Xi + ki, Xi) (1 + A e). 
If this be so, we have not only SA r= but also VA ~ 0, and 
this is excluded by our hypothesis. Then, in case I,B, ieSA = 0, 
there are no proper rays for which both factors of 5 vanish. 
Therefore our theorem is proved. 

Second: If^ =0, and not all first minorsofSA arezero> 
there is one direction for which the rays do not lie in entirely 
definite parallel pencils; if all first minors are zero, there are 
no entirely definite parallel pencils. 

In the preceding discussion, when SA = 0, we found but 
one direction for which we could possibly have an indetermin- 
ate arrangement of parallel pencils, andthat this could happen 
if and only if © could be written as the product of two linear 
homogeneous factors, i. e. A — 0. This proves the first part of 
the statement. 

If all the first minors of SA are zero, we know that 
5, = i's = 53 = on account of 5 = 0, and that there is no 
other restriction upon the values of •6(ij) than that 

Si£(ii)H-3£2 3£(a3) +^3^(68) = 0; 

and therefore the rays are arranged in an infinite number of 
parallel pencils, for which the point-rays lie in directions per- 
pendicular to the rays considered. Our proof is then complete. 

Introducing in 24), the values for Si in terms of 3E|i,-} as 
obtained from 25), we find that the values of Q so obtained 
are exactly those which y{% have in equations 56) §11 and 
which defined the coordinate Q' of the parallel pencil. We 
can therefore use Q as that coordinate so long as Si =^ 
i^ = 1. 2> 3). , 
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VII. Geometrical Description of ttie Configurations of 
tlie dual Conical Congruences. 

§ 21. Accessory and Absolute Congruences. 

Wc stated early in our discussion {§ l) tliat, escept when 

1) (S/£) = 0, 

there was a unique correspondence between the rays of this 
system and the Hnes of the Pllieker continuum, and that when 
1) was satisfied, the correspondence no longer retained that 
character. 

In the ray geometry, equation 1) defines the so-called 
Accessory Complex.* In it are included congruences to which 
may be given the general name Accessory Congruences, among 
them, all those of class /, A, c) (§ 7), which we may call the 
Accessory Dual Conical Congruences, and also the whole field 
of point-rays. Included in these accessory congruences is one 
in particular, whose equation is 

X^^-hXs^ + Xs^ = 0, 

and which is called the Absolute Congruence and which con- 
tains the so-called Minimal-rays. -f These Minimal-rays and the 
point-rays are the only ones in this accessory complex which 
have any corresponding elements in the Pliicker line-continuum, 
and in these cases the correspondence is not unique. 

For the description of the congruences, we will adopt the 
general form of the equation given in 9} § 6, using however 
the general classification of 17) § 4, by not distinguishing be- 
tween (?) and b). We exclude class c) when we go to the 
Pliicker continuum for the reasons indicated just above. We 
easily pass to the equations of class c) by the transformation 

Xi' = Vai^Xi 

■■'■ Dynamen. pp, 286—287. 
■'■ Dyjiamen. pp. 286—287. 
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§ 22. Configurations of Class I A. S A ^ 0. 
We will take the equation as 
2) an^i^+aaaXa^ + asa^a^ = 0. 

We may then consider 5=0 as the equation of a cone, 
with the origin as vertex, whose generators determine the di- 
rections of' the rays of our congruence. Taking li (i — I, 2, 3) 
as proportional to the direction-cosines of a generator of the 
cone, we find the equation of the tangent plane along this gen- 
erator to be 

Prom 25) § 20, it follows that the point-ray corresponding to 
£i has the coordinates 

;e(ii, = ttiiSi, [i = 1, 2, 3), 

and is therefore determined by the normal to this plane. Hav- 
ing determined one value of ^u {i = 1, 2, 3), the parallel pencil, 
containing the rays given by ■£; is entirely determined. 

Now passing to the Pliicker continuum and introducing 
the idea of the plane containing a parallel pencil, we have from 
3), 13) and 13') § 18, that: 

The plane containing a parallel pencil of a dual conical 
congruence of the general type coincides with that of the cor- 
responding parallel pencil of its reciprocal and is perpendicular 
to the two tangent planes of the cones 5=0 and S ^0, through 
the corresponding rays, one in each cone. 

When ii^O, since ^u = ^^ = -Ess = are din - coordi- 
nates of one ray of the congruence having any of the permis- 
sible directions, i. e. the ray of the cone is a ray of the con- 
gruence, we obtaiQ a very simple method of generating the cor- 
responding congruence : namely, 

Draw those normal planes to a proper cone of the second 
order (i. e. S A ^ o) which pass through the vertex, and in 
each plane construct all the rays parallel to the ray of normal 
intersection. The totality of rays so obtained makes up the rays 
of the congruence including the point-rays, which may be con- 
sidered as those rays of the parallel pencils which lie at infinity. 
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If Q is not identically zero, we inay consider that after 
the planes and parallel pencils have been determined as above, 
each plane with its parallel pencil is translated parallel to itself 
to a position determined by Xi {i = 1, 2, S) and which is given 
by the formula 2T) § 12. 

A corresponding procedure would give the reciprocal con- 
gruence. However, after the original congruence has been de- 
termined, the reciprocal can be obtained more easily as follows ; 

In every plane obtained for the original dual conical con- 
gruence, construct all the rays perpendicular to those already 
.found. The totality of new rays obtained constitute the reciprocal 
congruence. 

% 23. Configurations of Class I, B, a and b. S A ^ 0, A ^ 0. 

For this case, the canonical form is 

Writing 6i = + V an , 62 = + V — «22 , we have 

5) S = UU^{bai-b^^){bai^h'^^) = 0. 
From this equation, we obtain the values 

6) -£1 : -£2 : ?£3 ^ b, : ± bi : Q 
where q is an arbitrary scalar. 

From 25) § 20, we have 

^11) ■ ?£m) '■ ^(33) = Si : S2 '. S3. 
Substituting the values of £> from 6) in these expressions, we 
finally obtain the fohowing values for the coordinates of the 
parallel pencils, 

■=1 -= &2 , '5'a = ± ^i , £'3 = e , ii' = (a„ 63^ + Has ^i^ + a-^^ q'^) 
<?, = 2V*s, 0^ = ^2bib2^, <P6 = 0, 

in which we use the upper or the lower sign according as we 
use those values of ^ which make the first factor or the se- 
cond one of 5 vanish. 

Then the rays of the congruence belong to two planar 
congruences, the rays of which are arranged in parallel pencils 
and are perpendicular respectively to the directions given by 
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7) ^, : +62 : 0. 

Turning to the Plucker continuum, we find that tlie co- 
ordinates of tlie planes for the parallel pencils of the two sets, 
respectively, are 

8) Mo : «i : Ma : Wa = 

iai^bi^^- aiih-i^-a^Q^^-.+ i bib^^Q-.'lh^b^Q : J- 2 b, bs (b^^ + b^^ 

From 7) and 8), the planes of each set of 8) are parallel re- 
spectively to the corresponding direction given in 7). Since 
-the coordinates in 8) are expressed in quadratic functions of 
the single variable q, the planes must envelope two cylinders 
of the second class whose equations are: 

Il'wTT th ± Y—'a^ "2 0, 
2a|lfl32(ll|J «22)WoMs ^= 0. 

They are both parabolic cylinders. 

Prom 8) and 9), we see that each is separately symme- 
trical with reference to the axis of x^ , since if mq : wi : Wa : Ws 
satisfy the equations so do Mq : — ^i- — "a '■ "a also. Then both 
cyhnders have this axis for a common diaineter of the two right 
sections given by the planes. 

Uo : til '■ ii2 : Us — \ b, : ^ bz: respectively. 
They are also symmetiical to each other with respect to the axes 
of xi and «?2 ; because when mq : "i ■ "a : Wa satisfies one, - Wo : — ui '■ 
Ma : Us and — Uo'.n,: — 1*2 : Mj satisfies the other. Then we con- 
clude that the two right sections are parabolas if «ii - ^[23 =1= 0. 

We may state the result as follows: 

Given two parabolic cylinders, the diameters of whose right 
sections are parallel, and which are also symmetrical with reference 
to a line at right angles to their common diameter, then the 
dual conical congruences of class I, B, a) contain the rays of the 
two cylindrical congruences, each of which is made up of those 
rays tangent to oiie of the parabolic cylinders which are also 
perpendicular to the generators through their points of contact 
and the limiting point-rays; it also contains all the point-ray; 
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which lie in the plane perpendicular to the common principal 
axis, each counted twice. We note further that the proper 
rays of each, of these two cylindrical congruences are such as 
are represented synectically in class A, j9) of §§ 13— 14. 

If Un = aaa, we may take it as unity and then 9) becomes 
9') Mo : «i : "a : W3 = (oaa — ail H- ctsa e^) : q: 2 p ; 2 i p ; 

The planes are then arranged in two pencils of parallel planes, 
which are tangent to the absolute conic in the plane at infinity. 
Each plane is counted twice, as each contains two parallel 
pencils. These two pencils are such that the two points in 
the plane at infinity determined by them are harmonic conju- 
gates with respect to the point of tangency with the absolute 
conic ajid the point determined by the lines of intersection of 
the two sets of parallel planes. The point-rays all he in the 
chord of contact since they lie in a plane perpendicular to the 
lines of intersection of the two sets of planes. Then: 

In class I, B, b), the point-rays lie in a definite line in the 
plane at infinity. The proper rays are arranged in parallel 
pencils which lie in two pencils of parallel planes, each of which 
touches the absolute conic in the plane at infinity in one or the 
other of the two points of intersection with the line of the point 
rays. In every plane, there are two parallel pencils which deter- 
tnine two points on the corresponding tangent which are har- 
monic conjugates with respect to the point of tangency and the 
pole of the chord of contact. 

§ 24. Configurations of Class II. /I = 0. 

A. First Minors ofSA not all zero. 
The canonical equation is 
10) Hii^i^-l-ass^s^ == 0, «„a2a =j= 0, 

Placing 61 = + j/aii , B2 = -r V— Haa , we have 

This is satisfied by all the rays of the two normal nets, 
biXi— b.Xa =- 0, and hiX,-^b^X^ — 0; 
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and also by all the rays which satisfy the two factors of -^ = 
simultaneously; namely, the bundle for which 

Si : ^ : ^8 = : : 1, 
each of which must be counted twice, since these are double 
values for 5 = 0. There are no other proper rays than those 
just mentioned. The point-rays satisfy the equation ^ia^f ■= , 
and are those belonging to the parallel bundle as limit rays; 
each is to be counted twice and so can be considered as be- 
longing to the bundle. Therefore: 

A congruence of class II, A consists of all the rays belonging 
to two proper normal nets with non-parallel principal axes each 
ray to be counted once; and the rays of the parallel bundle 
whose direction is given by the common ray of the two nets, 
along with the limiting point-rays, each ray and paint-ray to 
be counted twice. 

% 25. Configurations of Class II. A = 0. 
B. All first minors of S A zero. 
The canonical equation for all the subclasses is 
11) Z,2 + e (a^^X.s + ar,X,^) - 0- 

This gives 

^^^ 1 2 = -iC^eoiXasH-ri) = 0. 

a. aas «S3 -H- 0. 

From 12), we see that all the proper rays must have one 
of two definite directions, and since there are no further re- 
strictions on the coordinates, they form two pai'allel bundles. 
Each bundle must be counted twice, since the values 3£oi are 
double solutions of S^d. 

^. (hi = 0, 

In this case, the two directions coincide, and then the 
parallel bundles coincide, giving one parallel bundle, every ray 
of which must be counted four times. 
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V. Configurations with dual parametric representations with 

S/=0. 

§ 13. Canonical fonns of representation where ,S/= o, not 

all its first minors zero. 
§ 14. Coordinates of second kind. Georaetricai description of 

the configurations, 
§ 15. Canonical fonns when ail first mhiors of 57 are zero. 

Geometrical description of the configurations. 

VI. General descriptive properties of dual conical con- 

gruences. 

§ 16. Discussion of quadratic equation in a single dual variable. 

§ 17. Normal nets. 

§ 18. The rays common to a dual conical congruence and a 

normal net. Tangent normal net. 
§ 20. Distribution of rays in parallel pencils. 

VII. Geometrical description of the configurations of the 
dual conical congruences. 

§ 21. Accessory and absolute congruences. 

§ 22. Configurations of class I, A. S A ^ 0. 

% 23. Configurations of class /, B, a and b. 5 zl = , z) 4= o. 

§ 24. Configurations of class IT. A ^0. A. 

§ 25. Configurations of class // B, 
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